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This article presents a descriptor-free method for estimating library compounds with
desired properties from synthesizing and assaying minimal library space. The method
works by identifying the optimal substituent ordering (i.e., the optimal encoding integer
assignment to each functional group on every substituent site of molecular scaffold)
based on a global pairwise difference metric intended to capture smoothness of the
compound library. The reordering can be accomplished via a (i) mixed-integer linear
programming (MILP) model, (ii) genetic algorithm based approach, or (iii) heuristic
approach. We present performance comparisons between these techniques as well as
an independent analysis of characteristics of the MILP model. Two sparsely sampled
data matrices provided by Pfizer are analyzed to validate the proposed approach and
we show that the rearrangement of these matrices leads to regular property landscapes
which enable reliable property estimation/interpolation over the full library space. An
iterative strategy for compound synthesis is also introduced that utilizes the results of
the reordered data to direct the synthesis toward desirable compounds. We demon-
strate in a simulated experiment using held out subsets of the data that the proposed
iterative technique is effective in identifying compounds with desired physical

properties. © 2009 American Institute of Chemical Engineers AIChE J, 56: 405418, 2010
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Introduction

Drug discovery is a tedious and expensive process, involv-
ing several phases from target identification to clinical
trials." One of the bottlenecks in this process is the identifi-
cation of potential drug compounds, normally small organic
molecules or peptides, that can achieve multiple desired bio-
logical properties.” Finding such lead molecules can be
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highly difficult even with the assistance of combinatorial
chemistry and high-throughput screening.‘%‘4 For example, if
a single molecular scaffold has N substituent sites with §
distinct functional groups that may be attached at each site,
then an absolute bound on the total number of compounds in
this library would be SV (one should note that this bound is
typically less in practice because bound type restrictions
limit the pairing of functional groups). As S and N increases,
it quickly becomes impractical to synthesize and assay all
the library compounds.

A common practice is to use quantitative structure-activity
relationship (QSAR) methods®™® to computationally predict
the biological properties of the library compounds (or at
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least to serve as a screening and enrichment tool to eliminate
chemicals that are unlikely to have drug-like properties). All
existing methods for constructing predictive QSAR models
involve three basic steps’: (1) synthesize and assay a training
set of chemicals, (2) select physical/chemical/structural
descriptors that can best relate to the biological properties,
and (3) construct mathematical functions that quantitatively
describe and predict the biological properties by these
descriptors. In practice, the reliability of these methods
depends critically on the choice of suitable descriptors in
step (2). It should be noted here that recently developed
supervised classification methods based on mixed-integer lin-
ear programmingg’10 have been shown to work well for the
descriptor selection problem. In an unsupervised approach,
the success of these methods is highly dependent on appro-
priate input from the user, and hence some level of user
expertise.

We have proposed an adaptive substituent reordering and
interpolation algorithm for estimating compound properties
in combinatorial libraries from the synthesis and assaying of
a small number of randomly sampled library compounds.''*'?
Fundamentally, both QSAR and this reordering algorithm
are based on the assumption that there exists an underlying
physical regularity in the compound library, and this regular-
ity can be revealed from the structure-property relationships
from sampling a subset of the library compounds. However,
unlike any other QSAR methods, the reordering algorithm
does not require any physical/chemical/structural descriptor
to operate, which makes it a very general and easy-to-apply
technique for drug discovery and other molecular discovery
purposes.

For a single-scaffold compound library with N substitution
sites and S, (n = 1,2,...,N) substituents (functional groups)
at the nth site, any compound in the library can be repre-
sented by a N-dimensional vector X = {X,X5,...,Xy}, where
X,, is the index of the substituent at the n-th site and the
value of X, is an integer between 1 and S,. As a result, a
biological property y of this compound is an unknown non-
linear descriptor-free N-variable function

y =f(X), ey

which can be approximated by other parameterized functions
g(X) = f(X) (e.g., radial basis functions) using data collected
on a small subset of M compounds in the library. g(X) can then
be utilized to estimate/interpolate the property of the
unsampled compounds in the library. The reliability in
approximating f(X) by g(X) and the subsequent predicative
capability of g(X) depend on the regularity of f{X) and g(X) as
a function of X, which in turn is determined by the integer
assignment (i.e., the value of X;) given to each substituent on
the nth site. A key component of the algorithm is then to
identify the optimal integer assignments (i.e., the optimal
substituent ordering) for all substituents on all N sites so that
g(X) can correctly reveal the underlying regularity of the
whole library space. This is not an easy task because the total
number of possible orderings is S;! x Sp! x ... x Sy! if each
of the N sites is ordered independently. In addition, the
relationship between g(X) and the orderings can be highly
complicated and not amenable to derivative-based optimiza-
tion algorithms. In previous studies, the optimal orderings
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were identified by using search algorithms that either
maximize the smoothness of g(X)11 or minimize the root-
mean-squared difference between interpolated and actual
properties of the M sampled compounds.'? Proof-of-principle
studies were performed on the laboratory data of a copolymer
library'' and a transition metal complex library,'? both of
which demonstrated excellent predicative capability of the
algorithm over the whole library space.

In this article, we introduce a new strategy for efficient
substituent reordering and descriptor-free property estima-
tion. The method views substituent reordering as a special
high-dimensional rearrangement clustering problem, which
eliminates the need for functional approximation and enhan-
ces computational efficiency. In comparison with functional
interpolation methods, clustering techniques can be more
reliable for pattern recognition in the presence of consider-
able data noise and therefore would be better suited for drug
candidate discovery where the focus is more on identifying a
subset of potential drug candidates with desired properties
rather than precise quantitative property predictions. Various
techniques have already been developed for the rearrange-
ment clustering of high-dimensional data.'*™'7 These techni-
ques have important applications in clustering ensembles of
structures from free energy calculations of oligopeptides'®°
or proteins,>'** de novo protein design sequences,”>** and
design and scheduling of batch processes.zs’26 An important
prerequisite for these existing rearrangement clustering meth-
ods is that the data matrix is dense and contains only a few
missing elements. Evidently, this limitation makes these
techniques inapplicable for computational drug discovery,
where the goal is to make predictions on copious amounts of
missing data.

The organization of the article is as follows. In the
Methods section, we present a global pairwise similarity
metric to represent the smoothness of the compound property
space and introduce deterministic, stochastic, or heuristic
search algorithms to identify the best substituent orderings
with respect to this smoothness. The proposed approach is
then applied to two sparsely sampled compound libraries
provided by Pfizer in the Computational Studies section. The
total number of possible compounds in these libraries is
2418 and 14043, respectively. In the Computational Studies
section, we show that the proposed methods provide excel-
lent predictions of the library subspace that is densely popu-
lated by compounds with desired properties from sampling
as low as 15% of the whole library space. A synthesis strat-
egy is then presented in the Iterative Synthesis Strategy sec-
tion, which iterates between synthesizing a batch of com-
pounds and using the reordering techniques to guide the syn-
thesis of the next batch of compounds. We demonstrate that
this synthesis strategy is effective in identifying lead mole-
cules while simultaneously minimizing the total number of
sampled library compounds required. Finally, in Computa-
tional Analysis of the MILP Model section, we analyze the
performance characteristics of the MILP model for solving
this class of problems.

Methods

An approach for descriptor-free substituent ordering in
compound libraries is presented in this section. We first

February 2010 Vol. 56, No. 2 AIChE Journal



Molecular Scaffold:

X

2

Original Library — — — # Re-ordered Library

\
\

xZ
1 5 4 2 3
3
4
X, 1
5
2 -

Synthesize molecule with i = 3 for X, and j =2 for X,
measure property value, and store in a;;:

Figure 1. Hypothetical molecular compound library with two substituent sites and five possible functional groups.

Each value of i for X; and j for X, corresponds to a unique molecular compound, which can be synthesized and tested for some property
value, such as percent inhibition, and this property value is then stored in the matrix. The values for the properties are presented on a color
scale, where the colors red, organge, yellow, green, cyan, and blue span from highest to lowest. The underlying assumption is that this library
can be rearranged some how to reveal an approximately regular landscape with respect to the property values, as shown by the reordered
matrix on the right-hand side. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

describe an objective function that provides a measure of the
smoothness of the compound property space. Three methods
have been developed to identify the best substituent order-
ings given this measure. Deterministic optimization
approaches based on mixed-integer linear programming can
provide guaranteed convergence to the optimal substituent
ordering according to the given objective function. A genetic
algorithm is a stochastic optimization approach that provides
good quality solutions which are frequently close to the opti-
mal solution, but cannot provide theoretical guarantees for
the quality of the solution. Heuristic approaches, such as ran-
dom row and column swapping, have the potential to quickly
identify good solutions to this problem.

Objective function

A suitable objective function first needs to be devised to
quantify the smoothness of the property space in a high-
dimensional sparse compound library for a given substituent
ordering. For illustrative purposes, consider a library with
two substituent sites and five possible functional groups, as
shown in Figure 1. The functional groups (substituents) are
uniquely represented by the integers ID = {1,2,3,4,5} and a
compound corresponds to any selection i € ID for X; and j €
ID for X,. For instance, i = 3 for X; and j = 2 for X, corre-
ponds to a molecular compound with those two substituent
groups, as shown in Figure 1. Given a molecular scaffold
and the specification of the functional groups 3 and 2 for the
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two substituent sites, we can then synthesize this molecule
and measure any physical, chemical, or biological properties,
and store it in element a};lz’xz. The numerical studies pre-
sented in this article corresponds to percent inhibition of some
target protein and ICs, data, but the method can in principle
be applied to any set of property values. Furthermore, there is
no restriction that only one value is measured; the method can
also address vectors of values corresponding to several
properties (sometimes referred to as featue vectors for a given
molecule). Note that the synthesis of all possible 25 molecules
in Figure 1 is typically a cost-prohibitive procedure, so we
will only have available to us a subset of the values
corresponding to afjl X2 where 11 of the 25 values (44%) are
known in this figure. The fundamental assumption here is that
the rows 7 and columns j of this compound library can be rear-
ranged in such a way that a fairly smooth surface in the prop-
erty dimension is revealed. The corresponding reordered
library for our example is presented in Figure 1, where we see
that largest values (i.e., the red, orange, and yellow values, in
decreasing order of magnitude) are grouped in the upper-left
triangle of the matrix and the smallest values (i.e., the green,
cyan, and blue values, in decreasing order of magnitude) in
the bottom-right triangle of the matrix. Thus, we need an
expression for measuring the “quality” of a particular library
reordering (e.g., permutation of the rows and columns of the
matrix).

Different objective functions can be used to quantify the
smoothness of the compound property space. Here, we
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choose a pairwise similarity measure Q that depends both on
the compound properties and the distance between them in
the reordered dimension. This function can be generally
written as

od’y) - pla",ay)  (2)

where d’” is the distance between functional groups i and i’ at
the mth Site with respect to their final positions in the matrix.
This distance value value will be 1 if the two functional groups
are adjacent to each other and S,, — 1 if they are on opposite
ends of the data matrix. &;7" and a:"]." denote the measured
property values of two sampled compounds for functional
group j in site n and functional groups i and i’ in site m,
respectively. One possible form of the component functions

0(d’;) and qﬁ(al";", "”') can be written as

3
where H(df”l ) is linear with respect to d’”,, achieving a
maximum value of 1/w™ at d’” = 1 and a minimum value of
1w 1/S,, — 1) at d’, = Sm 1. Thus, this expression gives
the largest contributions to those elements which are grouped
close in the final arrangement and a lower weight to those
elements that are distant from one another in the final matrix
ordering. ¢(a;;".a ’"”) is the squared property difference
between two compounds w™ is the number of compound
pairs where both @;" and a:”f are available from synthesis and
property assaying for all i and 7'.

The objective function Q quantifies the summed property dif-
ference between all pairs of rows for a given substituent order-
ing. Hence, the goal is to find the optimal row orderings that
minimize Q. Other forms of Q could be introduced if problem-
specific details suggest they would be more appropriate.

Deterministic optimization based on mixed-integer
linear programming

For simplicity of model presentation, we assume that the
library has two substitution sites (i.e., N = 2). In this case,
the library becomes a two-dimensional matrix, where a row
represents a substituent on site 1 being fixed and a column
corresponds to a substituent on site 2 being fixed. Through-
out this section, rows and columns correspond to functional
groups on distinct scaffold sites. The basic model can be for-
mulated as an assignment problem, where binary variables,
Vi indicate the assignment of a particular row, i, to a
position in the final ordering, 1 < k < I/l, that is:

1, if row i is assigned to position
Yik = k in the final ordering

0, otherwise

An intuitive constraint to impose on the row assignments is
that a final position can contain only one row, and a row can
be assigned to at most one final position. This is given by
Egs. 4 and 5.
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D vik=1 Vi “)
k

D ovik=1 Yk (5)

We can represent the final position of row 7 in the matrix as a
positive variable, p;, and relate y; ;. to p; using a simple equality
constraint as shown in Eq. 6.

= keyig Vi 6)
k

These positions can range from 1 to the total number of rows,
I, which is represented by the bounds given in Eq. 7.

L<p <] Vi>1 @
Issues related to problem symmetry can be alleviated by
restricting the final assignment of row 1 to occupy only one
half of the final matrix, as shown in Eq. 8.

1<p < [|[I|+1/2] ®)

From these final positions, we can also define the distance
between any two rows / and ¢ in the final arrangement by the
positive variable d, ;. The distance between two final positions i
and /' is given by the nonlinear equation d; ; = Ip; — p|. However,
exact lower bounds on this distance can be represented by two
linear inequality constraints, as shown in Egs. 9 and 10.

dig >pi—pr Vi<l 9

d,*,,'/ > Pir — Di Vi < i’ (10)

Any distance must be at least 1 and cannot be greater than the
total number of rows minus 1 (I/l — 1), which results in the
bounds in Eq. 11.

1<diy <|I|—1 Vi,i >i (11)
Generating tight upper bounds on the distance variables is not
straightforward and as a result the mixed-integer linear
optimization problem can be extremely difficult to solve.
Specifically, the resulting linear programming relaxations may
not be tight and significant computational effort is required for the
branch and bound tree to find and/or prove the optimal solution.
However, several additional constrains can be derived to help
bound and restrict the distance variables to reasonable values.
One such constraint utilizes the fact that the summation of all the
final distances is equal to a known constant, C, as shown in Eq. 12.

> > di=C (12)

ii'>i
For instance, if there are only four rows,then C =3 -1 +2 -2
+ 1 - 3 = 10. Another constraint provides a valid upper bound
on the distance by incorporating information about the
final position of a row assignment. If row i is assigned to
final position k, then the maximum distance between row i
and any other row // must be less than MAX(Il — k, k — 1),
which is the maximum distance to either end of the
matrix from position k. We represent MAX(IIl — k, k — 1) as
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the function F(k). This constraint is expressed in generalized
form in Eq. 13 and 14.

dig <> F(k)-yix Vi<i (13)
k

dig <> F(k)-yrx Vi<i (14)
k

Another constraint on the distance variables can be derived from
the fact that once row 7 has been assigned to some final position
k, then the sum of the distances from position k£ to all other
positions is known, which we represent as a general function
G(k). For instance, if a row i is assigned to final position 2 in
a four-row problem, then the sum of its distances to all
other rows 7’ in the final arrangement is (2 — 1) + (3 — 2) +
(4 — 2) = 4 = G(2). The general form for this constraint is
presented in Eq. 15.

Y odig+> dii=> Glk)-yix Vi (15)
k

i i'<i
As the distances are Euclidean, we can impose the restriction
that they satisfy the triangle inequality constraint in Eq. 16.

diy <dip+dp; Vi,i'i" (16)

However, this results in O(I/*) additional constraints and leads
to memory issues for standard commercial solvers for even
moderately sized problems. To circumvent this memory issue,
we introduce these constraints dynamically during the program
execution as cuts. In other words, we include only those
triangle inequality constraints for which Eq. 16 is violated and
this ensures that only the most necessary constraints are added
to the problem. Another set of constraints that bounds the
distances with respect to a fixed point, 1 < p* < I, are
introduced as cuts into the problem, where p* is chosen during
program execution.

dip <Y k=p*|- ik +yix) Vi >ipt (A7)
k

The proposed mixed-integer linear programming formulation,
which is the minimization of Eq. 3 subject to Eq. 4 through 17,
when solved to optimality can guarantee that it has found the
best ordering for the given objective function in Eq. 3. The
largest reordering problem we have solved to optimality has
contained about 90 rows. However, even though this method
may not close the gap between the linear programming
relaxation and the best integer solution, it is a very effective
technique for establishing a lower bound on the value of the
objective function. It should be mentioned that heuristic
approaches (to be described in the subsequent section) can be
integrated into the deterministic optimization framework for
generating good integer solutions.

Stochastic optimization based on genetic algorithms

The minimization of Q can also be accomplished via a
stochastic global search, such as a genetic algorithm (GA).
GAs are intuitive and simple to operate and hence are gener-
ally applicable to a wide variety of problems. The underly-
ing mechanism of the GA, known as evolution, starts from a
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random population of substituent orderings. The Q value of
each substituent ordering in the population is evaluated and
several orderings are stochastically selected from the current
population based on these Q values. Operations known as
mutations and crossovers between these selected substituent
orderings are performed to generate a new population, which
is used in the next iteration of the algorithm. This process
continues until convergence is reached or satisfactory
solutions are found.

The computational expense associated with the genetic
algorithm is dependent on the size of the population used,
where larger populations typically generate better solutions
but are subject to greater computational requirements. Exten-
sive research has been conducted to integrate GAs with
local, deterministic search algorithms to enable optimal
balance between global search capability and operational
efficiency. The genetic algorithm requires prior selection of
several parameters that are problem dependent and can pro-
duce local optima, which are close to the global optimum in
certain cases. It does not offer theoretical guarantee of
convergence to the global optimum in the rearrangement
clustering problem.

Heuristics-based approaches

The minimization of the objective function given in Eq. 3
is amenable to a number of heuristic algorithms. The sim-
plest heuristic is the random swapping of rows and columns
(Heuristic 1: Row swap). After each swap, the objective
function is evaluated and the swap is accepted if it results in
a lower objective function value. The acceptance criteria of
this operation could be altered to allow for objective func-
tion increases based on a probability (a basic Monte Carlo
approach), but the utilization of several initial points was
found to be effective. Given an initial ordering of the rows
or columns, this basic random swapping operation is a
reasonable local minimization approach.

The initial configuration to minimize using swapping oper-
ations can be generated using a variety of other heuristic
techniques. A valid ordering can be created through a greedy
assembly by repeatedly selecting rows or columns to be
neighbors based on the minimum distance between uncon-
nected elements (Heuristic 2: Greedy). A third technique
randomly selects a few points from each row or column, and
orders the rows or columns based on the sum of these
selected points (Heuristic 3: Pick sort). A final heuristic
approach looks at the highest values in each column and
generates an ordering by sorting the sum of these points
(Heuristic 4: High sort). A variety of orderings are generated
through each of these techniques by parametrically varying
the value for a missing data point or the number of points to
be selected. Each of these orderings is then subject to a
local minimization via the aforementioned random swapping
operations.

For certain classes of problems, such as problems with
roughly single-peaked property landscapes, the smoothness
of the property space can be represented as an ordering-inde-
pendent function R so that reordering of the rows and
columns can be achieved by less expensive computational
algorithms. For example, for the ith row, the objective func-
tion R; can be devised as
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R; = Z Z(alxj —a;j) (18)
7

which quantifies the summed property difference between
each compound on the ith row and its corresponding
compounds on all other rows /. As R; does not include any
distance term 0(d; ), its value is independent of the substituent
ordering of the rows. As a result, the ordering of the rows can
be easily obtained by a simple sorting of all the R; (i =
1,2,...,]) values, which is computationally very efficient
(Heuristic 5: Property R sort). Other difference measures can
be devised as well, which can be represented by the form of
Eq. 19.

R = Z Z (Ig(a::j, ap) (19)
i

where (13 is a function denoting the distance measure between
two points, @, ; and a; j, similar to ¢ in Eq. 2.

The aforementioned heuristic techniques represent effec-
tive methods to obtain good solutions to the overall ordering
problem. Although these methods do not provide any deter-
ministic guarantees on the optimality of the final ordering,
empirical evidence has shown that these solutions are often
within less than one percent of the optimal solution. The
heuristic techniques are easily scalable to much larger
problems and alternative objective functions, such as those
that require a dependence between the row and column
problems.

As previously mentioned, these heuristics can be inte-
grated into the MILP model to generate good integer feasi-
ble solutions. We implemented the MILP model in the
C++ programming language to interface with the ILOG
Concert Technology library27 in CPLEX. This CPLEX
library allows the user to manually overload many of oper-
ations and methods used in the branch-and-bound tree cre-
ated by CPLEX to solve mixed-integer linear programming
problems. With this library, the user can interface the
CPLEX branch-and-bound algorithm with their own
heuristic methods for generating integer solutions, add
problem-specific cutting plane constraints (in addition to
the standard CPLEX cutting planes) to improve the linear
programming (LP) relaxations, specify which variables to
branch on in the branch-and-bound tree, and perform vari-
ous other advanced operations. This library also allows the
user to retrieve problem information that is not typically
accessible through other interfaces, such as the GAMS
modeling language.

We utilized the heuristic callback function in the CPLEX
callable library to implement the aforementioned swapping
heuristic. At a given node in the branch-and-bound tree, the
linear programming relaxation values of the variables are
used to generate an initial ordering that can be minimized
via the swapping operations of Heuristic 1: Row swap. Spe-
cifically, the initial ordering is determined by (1) identifying
the two rows with the maximum distance, d;y, (2) fixing
these rows to be the beginning and end of the ordering, and
then (3) sorting the remaining rows based on their distances
to these two fixed endpoints. The resulting ordering is then
subject to a local minimization via the aforementioned ran-
dom swapping operations.
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Computational Studies

The MILP model was applied to two sparsely sampled
data sets provided by Pfizer, where the identities of these
compounds are unknown to us. Compounds in each set have
a common scaffold with two substitution sites (i.e., N = 2).
Each compound is indexed by two numbers (chosen by
Pfizer in an unknown way) and no descriptor information is
provided to us. The goal here is to evaluate the predictive
capability of the rearrangement clustering methods on these
data matrices. We assess the clustering of high inhibition
compounds for both data matrices in Tables 1 and 2 and the
performance characteristics for the different reordering meth-
ods in Tables 3-5.

The reordering procedure starts by choosing a randomly
sampled subset of the known data values. The sparse data
matrices are generated by randomly removing elements from
the original matrix. The indices for each entry, (i,j), are
generated using a uniform random distribution over the inter-
vals 1,....,/ and 1, ... ,J. Before removing a selected element
a;j, we check the occupancy of known values along that
selected row and column. That is, we count the number of
known elements across the ith row and the number of known
elements across the jth column. If the number of total known
elements for each is above a specified threshold count then we
remove the element @;; from the matrix. The logic for sam-
pling in this fashion is that because the original sparse data
matrix is not sampled in a random fashion, we would like to
guide the sampling so that the overall sparsity remains as uni-
form as possible throughout and that elements are removed
from the denser regions of the data matrix.

Data matrix 1: Moderate-size compound library

The first data matrix analyzed contains 62 rows and 39
columns of percent inhibition data for an unknown set of
compounds. The most desirable compounds are the strongest
inhibitors of an unknown target, which correspond to the
highest percentage inhibition values in this set. The original
matrix has 1229 data values out of a possible 2418 (51%).

The optimal reordering identified by the deterministic
algorithm for the full set of data values is shown in
Figure 2f. The results for the deterministic method applied
to a sampling of 30 and 50% of the available data (or 15
and 25% of the library space) are provided in Figures 2b,
and d, respectively. For predictive assessment, the placement
of the unsampled data values for the reorderings for 15 and
25% of the full library are also revealed in Figures 2c, and
e. Contrasting Figures 2c, and e show that increasing the
sampling of data values from 15 to 25% of the library space
improves the quality of both the overall ordering and the
selected subregion, as expected.

The reordered data matrices show a tendency to group the
desired compounds into an easily identifiable subset of the
matrix. Let us define rows 1-9 and columns 1-11 of Figure
2d to be Region 1 and the remaining matrix to be Region 2.
When examining the reordered compounds for 25% of the
whole library space (see Table 1), we see that Region 1 con-
tains a much higher average inhibition value and a dispro-
portionate number of data values above inhibition values of
40 and 60. Of the 12 total compounds with greater than 60%
inhibition from the full data set, six sampled and three
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Figure 2. First data matrix reordered by deterministic optimization.

(a) Original first data matrix using all known values. (b) Optimal rearrangement of the first data matrix sampled at 15%. (c) Optimal rear-
rangement of the first data matrix sampled at 15%, all known values included. (d) Optimal rearrangement of the first data matrix sampled at
25%. (e) Optimal rearrangement of the first data matrix sampled at 25%, all known values included. (f) Optimal rearrangement of the first
data matrix using all known values. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

unsampled compounds are found in Region 1. The consistent
abundance of high inhibition values would suggest the
unused compounds in Region 1 as good candidates for future
synthesis.

The stochastic optimization method and the property R
sorting method also result in an aggregation of the com-
pounds with high inhibition values for the full and sampled
data matrices (see Supporting Information, Figures S4 and
S5, Tables S1-S4). The substituents found in Region 1 are
very similar to those identified by the deterministic method
but are less prominent in terms of the number of high inhibi-
tion compounds contained in Region 1.

The computational performance of the different algorith-
mic approaches for the full data matrix (1229 values) is
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compared in Table 3. In this table, the objective (Obj) col-
umn is the value from Eq. 3, the lower bound column pro-
vides a lower bound on the objective value as determined
from the deterministic method, the percent gap column
denotes the difference between the best lower bound and the
objective value, and the CPU time (in seconds) is reported
for a 3.0 GHz Intel Pentium Processor. The initial ordering
of the compound library was provided by Pfizer. The solu-
tions found by the deterministic optimization method
(MILP), GA, and heuristic approaches are compared. For all
the heuristics requiring random swapping operations,
100,000 swaps were performed. For all the heuristics requir-
ing initial point selection, 40 initial points were used. The
deterministic optimization approach is able to close the
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Table 1. A Comparison of Two Selected Regions of the First Data Matrix Using the Optimal Ordering of the Deterministic
Method from 25% Sampling to Illustrate the Clustering of High Inhibition Compounds

Region 1 Region 1 (S) Region 1 (U) Region 2 Region 2 (S) Region 2 (U)
Data values 80 34 1149 581 568
Average 32.9 38.8 28.5 4.5 4.2 4.8
Values > 40 28 (35%) 16 (47%) 12 (26.1%) 11 (1%) 4.(0.7%) 7 (1.2%)
Values > 60 9 (11.3%) 6 (17.6%) 3 (6.5%) 3 (0.3%) 1 (0.2%) 2 (0.4%)

The inhibition values correspond to percentage inhibition of an unknown target protein. Region 1 and 2 represent the full distribution of known values in the
regions, whereas Region 1 (sampled) and Region 2 (sampled) correspond to the distribution of the sampled compounds in the two regions.

integrality gap in both the column and the row problems,
providing a theoretical guarantee that the solution in Figure
2f has the lowest obtainable value for the objective function
defined in Eq. 3. Several of the heuristic approaches were
able to obtain the best possible solutions to the problem in a
fraction of the time, but do not offer optimality guarantee
because they only provide an upper bound. The GA was
unable to identify the best solution and its required computa-
tional time is longer.

Data matrix 2: Large-size compound library

The second data matrix contains 151 rows and 93 col-
umns of percent inhibition data for an unknown set of
compounds. The initial ordering of the compounds was pro-
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vided by Pfizer. This matrix is the largest data set that was
analyzed using the proposed methods. Similarly as the first
data matrix, the most desirable compounds for further study
are the ones with strongest inhibition. The original matrix
has 4110 known data values out of a possible 14043 (i.e.,
29%).

This data matrix was reordered using all known values
and a sampled subset of known values to test the reliability
of the approach. The best identified reordering of this data
matrix using all of the known values (4110 values) is pre-
sented in Figure 3d. The best reordering for a sampling of
50% of the available data values (or 15% of the whole
library space) is presented in Figure 3b and the correspond-
ing placement of the unsampled compounds based on this
reordering is revealed in Figure 3c.
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Figure 3. Second data matrix reordered by deterministic optimization.

(a) Original second data matrix using all known values. (b) Optimal rearrangement of the second data matrix sampled at 15%. (c) Optimal
rearrangement of the second data matrix sampled at 15%, all known values included. (d) Optimal rearrangement of the second data matrix
using all known values. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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Table 2. Comparing Two Selected Regions of the Second Data Matrix Using the Deterministic Ordering from 15% Sampling
to Illustrate the Clustering of High Inhibition Compounds

Region 1 Region 1 (S) Region 1 (U) Region 2 Region 2 (S) Region 2 (U)
Data values 234 99 3876 1951 1925
Average 49.6 54.2 12.1 12.1 12.1
Values > 50 127 (54.3%) 62 (62.6%) 65 (48.1%) 185 (4.8%) 89 (4.6%) 96 (5%)
Values > 70 79 (33.8%) 40 (40.4%) 39 (28.9%) 58 (1.5%) 29 (1.5%) 29 (1.5%)
Values > 90 28 (12%) 13 (13.1%) 15 (11.1%) 12 (0.3%) 7 (0.4%) 5 (0.3%)

The inhibition values correspond to percentage inhibition of an unknown target protein (note that the laboratory conditions and target protein are different than
the data presented in Table 1). Regions 1, 2 represent the full distribution of known values in the regions, whereas Region 1 (S),(U) and Region 2 (S),(U) corre-
spond to the distribution of the sampled and unsampled compounds in the two regions, respectively.

The proposed deterministic method is able to group many
of the desired compounds in an easily identifiable subset of
the matrix. Let us define rows 1-21 and columns 1-20 of
Figure 3d to be Region 1 and the remaining matrix to be
Region 2. The statistics in Region 1 for the reordering based
on using only 15% of the whole library space are provided
in Table 2. From Table 2, we see that Region 1 contains a
much higher average inhibition value and also a dispropor-
tionate number of data values above the inhibition cutoffs of
50, 70, and 90. Of the 40 known compounds with an inhibi-
tion greater than 90%, 28 of them are found in Region 1 and
15 of these were not used in the reordering. Thus, if one
were to synthesize the 321 unknown or unsampled com-
pounds in Region 1, then at least 15 of these compounds
would have an inhibition greater than 90%. The stochastic
optimization method is also able to reorder the compounds
so that the high inhibition values are clustered into a small
subset of the matrix (Supporting Information Figure S6).
However, the orderings in other regions of the matrix are
less similar to those revealed by the deterministic optimiza-
tion method.

The computational performance of the algorithmic
approaches for using both 15% of the whole library space
and all known values is compared in Tables 4 and 5, respec-
tively. In these tables, the objective (Obj) column is again
from Eq. 3, the lower bound column is for this objective
value, the percent gap column denotes the difference
between the best lower bound and the objective value, and
the CPU time is reported for a 3.0 GHz Intel Pentium Proc-
essor. The solutions found by deterministic optimization

method (MILP), GA, and heuristic approaches are compared.
For all the heuristics requiring random swapping operations,
1,000,000 swaps were performed. For all the heuristics
requiring initial point selection, 40 initial points were used.
The deterministic optimization approach has an integrality
gap which for the row and column objective values of the
sampled data set are guaranteed to be within 5.5% and 0.0%
of the optimal solution, according to the objective function
in Eq. 3. When using all of the known values, the objective
values of the best identified row and column orderings are
guaranteed to be within 1.6% and 0.0% of optimality,
respectively. It is likely that the row orderings presented
here are much closer to the optimal solution than this rigor-
ous gap suggests. However, it is notable that the optimiza-
tion approach achieves a better integrality gap as more data
is available. Including additional data improves the ability of
the algorithm to place a row or column in an appropriate
position in the overall ordering. If the six rows with no
available data are removed from the analysis, the row prob-
lem with 145 rows can be solved to within 1.2% of optimal-
ity, 0.4% better than when these spurious rows are included.
For this data, the GA does not identify the best known solu-
tion. Both the deterministic method and the heuristic meth-
ods utilizing multiple initial points clearly outperform the
stochastic optimization approach.

Iterative Synthesis Strategy

Once the optimal (or best) substituent ordering has been
established, it is necessary to develop an appropriate strategy

Table 3. Method Comparison for the Arrangement of the Rows and Columns in the First Data Matrix Using All Known Data
Values and the Normalized Objective Function

Problem Method Obj Lower Bound % Gap CPU Time (s)
Row Initial 210,908 - 13.6% -
Row swap 184,523 - - <0.1
Greedy 182,232 - - 1.9
High sort 182,673 - - 2.0
Pick sort 182,232 — — 1.9
GA 183,916 - - 8640
MILP 182,230 182230 0.0% 3620
Column Initial 135,003 - 29.4% -
Row swap 95,290 — — <0.1
Greedy 95,290 - - 1.0
High sort 95,290 - - 1.1
Pick sort 95,290 - - 1.0
GA 96,580 - - 1440
MILP 95,290 95290 0.0% 123
The percent gap (i.e., deviation from the optimal ordering) of the initial orderings are provided for reference.
AIChE Journal February 2010 Vol. 56, No. 2 Published on behalf of the AIChE DOI 10.1002/aic 413



Table 4. Method Comparison for the Arrangement of the Rows and Columns in the Second Data Matrix Using Only Sampled
Data Values and the Normalized Objective Function

Problem Method Obj Lower Bound % Gap CPU Time (s)

Row Initial 3.81059 x 10° - 29.6% -
Row swap 2.8426 x 10° - - 0.9
Greedy 2.82577 x 10° - - 34
High sort 2.82577 x 10° - - 62
Pick sort 2.82577 x 10° - - 33
GA 2.84093 x 10° - - 100,800
MILP 2.82577 x 10° 2.67015 x 10° 5.5% 569,505

Column Initial 1,330,830 - 30.8% -
Row swap 950,731 - - 0.5
Greedy 921,153 - - 18
High sort 921,153 - - 20
Pick sort 921,153 - - 18
GA 926,201 - - 403,200
MILP 921,153 921,153 0.0% 127,344

The percent gap (i.e., deviation from the optimal ordering) of the initial orderings are provided for reference.

for molecular discovery. If the ordered compound property
landscape is indeed smooth and regular, a simple local inter-
polation measure can be applied to adequately represent the
expected property value of a compound. The most basic
local interpolation measure would assume that the property
value of a compound is similar to the average property val-
ues of its neighbors.

Two main issues arise if a property value is predicted by
the average of neighboring compounds. If we define a set of
compounds to be neighbors of specific compound, a;;, we
may want to weight the contributions of these neighboring
values by their distance from the specified compound. The
distance between two points (i,/) and (7, ;') in the ordered
compound property landscape is defined as the Euclidian
distance, as shown in Eq. 20.

df, = \/ (- +(G—7) (20)

Furthermore, we must account for the frequency of known
points around a point (i). Let Rj:f , represent the set of
compounds, (i',j'), that will be used to determine the estimated
property value of the compound at position (i,j) as defined by
Eq. 21.

ij VAN N | thresh
R {(l,]).d-/J/Sd

i i

and(ay yis known or(i =i’ and j = j'))} (21)

The threshold distance, d™*", is the maximum distance a
neighboring point can be from the specified compound (in this
article we used the relation d™™ " = (1l - 0.1 + U1 - 0.1)/2).
Once we have defined R;’,A,, Eq. 22 is used to define a
normalization factor, €; ;. This normalization factor provides a
higher weight to the closer neighbors and always retains the
weight for the compound (7,j) to avoid long-range effects for
missing values in sparsely populated regions.

P— 22)
77
vyers, W T

Q,'J':

The estimated property value at (i.j), p;, is then defined by Eq.
23, which is a normalized average of the weighted neighboring
property values.

ai/J-/

ArTEE w—— (23)
(7"j"):ay yis known (d[lr{// + 1) : QIJ

Pij =

Table 5. Method Comparison for the Arrangement of the Rows and Columns in the Second Data Matrix Using All Known
Data Values and the Normalized Objective Function

Problem Method Obj Lower Bound % gap CPU Time (s)

Row Initial 3.90471 x 10° - 23.4% -
Row swap 3.03747 x 10° - - 0.9
Greedy 3.03741 x 10° - - 34
High sort 3.03741 x 10° - - 38
Pick sort 3.03741 x 10° - - 33
GA 3.05679 x 10° - - 518,400
MILP 3.03741 x 10° 2.98092 x 10° 1.9% 741,267

Column Initial 1.84447 x 10° - 27.1% -
Row swap 1.34416 x 10° - - 0.5
Greedy 1.34416 x 10° - - 18
High sort 1.34416 x 10° - - 20
Pick sort 1.34416 x 10° - - 17
GA 1.35017 x 10° - - 202400
MILP 1.34416 x 10° 1.34416 x 10° 0.0% 64,516

The percent gap (i.e., deviation from the optimal ordering) of the initial orderings are provided for reference.
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Figure 4. Flow diagram for iterative algorithm.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

One strategy for synthesis, given an initial sampling of
compound property values and its associated optimal sub-
stituent ordering, is to sort the estimated property values, p; ;,
and synthesize some number of compounds with the highest
predicted property values. As more property values are
determined, the process of reordering the substituents and
estimating the property values can be repeated in an iterative
fashion. An important feature to examine for such an iterative
strategy is how much initial data is required to synthesize the
important compounds while simultaneously minimizing the
number of total compounds synthesized. To test the utility of
such a protocol, we have developed an algorithm that begins
with a small population of known compounds and uses the
reordering results to perform an ““in silico” synthesis. After
each reordering, Eq. 23 is used to estimate the inhibition
values for the unknown compounds. We then select the top 50
unknown compounds of highest predicted inhibition for in
silico synthesis (i.e., reveal their actual values) and subse-
quently reorder this new library. A representative flow
diagram for the iterative algorithm is presented in Figure 4.

This procedure was applied to four sparse data matrices:
samplings of 50% (2050 compounds or 15% of the whole
library space), 25% (1025 compounds or 7.3% of the
whole library space), 10% (411 compounds or 3% of the
whole library space), and 5% (206 compounds or 1.5% of the
whole library space) at random from the original data matrix
(4110 known values). The horizontal dashed line at the top of
each figure denotes the total number of compounds that are
above that percent inhibition in the original data. The diagonal
dashed-dotted line in each figure represents the average gain
per synthesis for the original synthesis procedure based on the
data provided by Pfizer. To assess the overall effectiveness of
the iterative strategy for finding higher inhibition compounds,
we counted the total number of compounds above 40-90% in-
hibition in increments of 10%.

The results for compounds above 80% inhibition are
shown in Figure 5 and the results for 40, 50, 60, 70, and
90% inhibition are available in the Supporting Information
Figures S8-S12, respectively. In each of the figures, we see
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that the gain from each of the synthesis curves is fairly con-
sistent among the initial samplings. Each of the curves
exhibits a sharp slope in the beginning, indicating a good
yield of higher inhibition compounds per synthesis iteration
of 50 compounds. It is important to highlight that the synthe-
sis curve starting from only 5% of the original data (206
known values) achieves a better yield of high inhibition
compounds than all the other curves when 3000 known com-
pounds are revealed (see the red curve in Figure 5 Support-
ing Information and Figures S8 through S12). In fact, this
synthesis curve finds all of the available compounds above
the inhibition thresholds of 70, 80, and 90% in less than
3000 compounds (see the red curve in Figure 5 and Support-
ing Information Figures S11 and S12, respectively).

Computational Analysis of the MILP Model

In this section, we examine the performance of the MILP
model for solving this class of problems. From the analysis
of the data sets in the previous sections and Tables 3-5, we
see that the MILP model is able to generate tight lower
bounds on the value of the optimal reordering for the com-
pound libraries according to the objective function in Eq. 3.
To illustrate the advantages of incorporating the aforemen-
tioned heuristics and cutting plane constraints presented in
Egs. 16 and 17 into the MILP framework, we compared the
progress of the branch-and-cut tree for variants of the model
with and without these additional features. The results for
the MILP model (1) without the cutting planes nor the heu-
ristics (default CPLEX), (2) without the cutting planes but
with the heuristics, and (3) with both the cutting planes and
heuristics are presented in Figure 6 for the rows of the sec-
ond data matrix (151 elements). From this figure, one can
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Figure 5. lterative strategy for different initial popula-
tions of second data matrix for 80% inhibi-
tion.

The purple, blue, green, and red curves represent starting
with 50, 25, 10, and 5% of the available data, respectively.
[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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Figure 6. Performance of the branch and cut algorithm
utilized in CPLEX, with and without the pro-
posed cutting plane constraints and heuris-
tics, on the row problem for data set 2 (151
elements).

The benefits of including both the heuristics and the cutting
plane constraints into the MILP model is immediately appa-
rent from this figure, as the MILP model that incorporates
both (whose upper and lower bounds on the optimal solution
are presented by the dashed and solid black lines, respec-
tively) is able to prove that its best found integer solution is
within 6% optimality at the root node. Only the first 20 nodes
in the branch and bound tree are presented, because this is
where the performance of the models differs the most and the
lower bounds for each model subsequently increase in a par-
allel fashion as CPLEX utilizes similar branching operations.
[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

easily see that the incorporation of the cutting planes in Eqs.
16 and 17 substantially improves the quality of linear pro-
gramming relaxations, thus achieving tighter lower bounds
on the best possible integer solution (labeled as the lower
bound on the optimal solution, LB). Also note that a signifi-
cant amount of branching would be required for the two
models that do not use our cutting plane constraints (e.g.,
“default CPLEX” and “CPLEX + heuristics”) to achieve
the same lower bound at the root node as determined by the
model that incorporates our cutting plane constraints, which
is already within 6% of the best identified integer solution.
Furthermore, the models that use our heuristics (e.g.,
“CPLEX -+ heuristics” and “CPLEX + heuristics + cuts™)
are able to quickly find integer solutions (labeled as the
upper bound on the optimal solution, UB) that have signifi-
cantly lower values than those found by CPLEX alone for
the objective function presented in Eq. 3.

A practical issue associated with some large-scale mixed
integer linear programming problems is the existence of mul-
tiple integer solutions that have objective function values
close to the optimal value. This issue is commonly referred
to as solution degeneracy, and can often inhibit a branch-
and-cut solver from proving the global optimality of an inte-
ger solution. Some of the problems studied in this article,
such as the one analyzed in Figure 6, do exhibit solution
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degeneracy, but we point out that the existence of multiple
solutions does not limit the applicability of our method. To
understand this, consider the sparse compound library pre-
sented in Figure 3b. If we were to swap two rows that have
primarily elements with low inhibition values, such an
exchange would correspond to a new integer feasible solu-
tion, but would not substantially change the value of the
objective function. Thus, the degeneracy is with respect to
the existence of multiple relative orderings for rows contain-
ing primarily lower inhibition compounds, which in turn has
no effect on the interpolation procedure presented in the Iter-
ative Synthesis Strategy section and hence on the compounds
that are selected for additional synthesis (as the selected
compounds are close to the known, high inhibition
compounds).

To prove this claim, we generated a large number of feasi-
ble solutions for the row problem of data matrix 2 (151 ele-
ments) by conducting excessive random sampling runs and
stored the unique final orderings that had an objective func-
tion value less than 2.826 x 10°. Note that in Table 4, this
cutoff value for the objective function is less than the best
solution reported by the GA. A total of 588 unique final
orderings were identified with objective function values less
than 2.826 x 10° and a heat map of these final orderings is
presented in Figure 7 for visual analysis. In Figure 7, each
cross-section of the y-axis corresponds to a unique final

Final Prosian

Figure 7. Unique row orderings for data set 2 (151 ele-
ments) such that the objective function value
is less than 2.826 x 10°.

A total of 588 unique row orderings with an objective func-
tion less than this threshold were found via several runs of
random sampling. Each cross-section of the y-axis corre-
sponds to a unique final ordering of the 151 functional
groups, where the x-axis is the final position of the func-
tional group and the z-axis is a color map, ranging from 1
(blue) to 151 (red), indicative of the functional group in the
library (their identities were assigned as 1 through 151
based on their initial ordering in the compound library).
From this figure, it is apparent that all of these solutions are
very similar in terms of the final orderings of the functional
groups. In fact, the difference between the orderings is pri-
marily due to local shuffling of neighboring elements.
[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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ordering, the x-axis denotes the position of the functional
group in the final ordering, and the color map (ranging from
1 (blue) to 151 (red)) denotes the distinct functional groups
in the library (which were labeled as 1-151 based on their
initial ordering). We can see from Figure 7 that the global
placements of the functional groups are extremely similar
and only vary with respect to local exchanges of elements in
the final ordering. Hence, the overall placement of the func-
tional groups is very consistent across these 588 unique
orderings. Furthermore, the similarity of functional groups
between the unique orderings is most consistent within the
last 20 rows of the final ordering (i.e., along the x-axis).
This is consistent with our claim, as the highest
inhibition functional groups were moved to this region of the
ordering, and thus are essentially unaffected by the solution
degeneracy.

Discussion and Conclusion

This article introduces three classes of descriptor-free
computational algorithms for property prediction within
large combinatorial libraries of drug molecules or other mol-
ecules. Similar to our previous work,'""'* these algorithms
serve to identify (from the property data collected on a
small subset of the library compounds) the optimal ordering
of the functional groups on all substitution sites that yields
the most regular/smooth compound property landscape. The
reordered data matrices reveal small submatrices in which
compounds with desired properties are abundant. From these
observations, it appears that a significant amount of the
compound synthesis and assaying was misdirected. This
indicates that molecular discovery in large combinatorial
libraries should be performed in an adaptive fashion, where
each iteration is initiated by the synthesis and assaying of a
small set of compounds and then followed by a suitable
reordering algorithm or other QSAR method to estimate the
library subspace with the highest possibility for finding
desired compounds. The iterative synthesis strategy we pre-
sented and applied to sparse samplings of the second data
matrix was able to uncover a significant percentage of the
lead molecules while using only a fraction of total com-
pound library, even when starting from a mere 3% of the
total library space.

A main difference between the original reordering algo-
rithm and the rearrangement clustering techniques presented
in this article is that the former method represents a com-
pound property by an inseparable high-dimensional function
of all N substituent variables X{,X»,...,Xy (hence all substitu-
tion sites need to be reordered simultaneously), whereas the
latter method separates these variables and reorders each
substitution site individually, thereby leading to greatly
enhanced computational efficiency. The applicability of the
latter approach depends on the assumption that the com-
pound property space is largely regular (i.e., containing
no/few local optima) when the substituents are properly
ordered. In all considered applications, we have been able to
reorder the substitution sites to form regular, roughly single-
peaked property landscapes, which validates the underlying
assumption of landscape regularity and enables reliable prop-
erty predictions from these reorderings. The underlying
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physical conditions for the existence of such smooth land-
scapes would be interesting to study.

One should note that a smooth landscape does not neces-
sarily correspond to linearly additive contributions from indi-
vidual functional groups on the substitution sites. Nonaddi-
tivity originates from cooperative interactions of multiple
substitution sites and could affect the reliability of the rear-
rangement clustering algorithms because the objection func-
tion in Eq. 3 treats each substitution sites separately. How-
ever, this issue could be resolved by utilizing an objective
function that specifically takes into account cooperative
effects.

We need to emphasize here that the reliability of all the
descriptor-free reordering methods, including those involving
function interpolation,'"!? depends critically on the resolu-
tion of sampling. For example, if a substitution site is
unsampled then it is not possible to reorder this site. Our
experience indicates that a random sampling over all the
sites simultaneously (where each site is sampled at least a
few times) yields a starting point that provides the best bal-
ance between the algorithms predictive reliability and the
cost associated with compound synthesis and assaying. With
this sampling strategy, the number of required samples
quickly converges as N and S increase, leading to a signifi-
cant reduction in the sampling percentage for large libraries.
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